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Introduction

Many products in chemical and process engineering are
produced as particulate substances, that is powders. Common
processes for the production are, for example, granulation,
crystallization, and milling. Particulate products are preferred
over other forms, because they are in general more easily
transported, stored, and used by customers.

Particles in a powder can be described by a number of
distinct properties, for instance the size, moisture content,
enthalpy, or the shape. To characterize the products, one
can, therefore, introduce the notion of a number density
function (NDF) with respect to the interesting particle prop-
erties: the NDF then describes how many particles of the
powder possess a certain size, moisture and so on.

Industrial requirements on a product can often be stated as
preferred (or desired) number density distributions; to achieve
these in a specified time in the process, control schemes have
to be applied. Another difficulty arises from the fact that the
direct measurement of NDFs is very difficult. Consider, for
example, the size distribution of particles in a process: in
most cases, for example with laser optical probes like Lasen-
tec FBRM (Mettler Toledo, U.S.) or IPP-70 (Parsum GmbH,
Germany), a chord length distribution of the NDF is meas-
ured. The inverse problem, reconstructing the size distribution
from a chord length distribution, is ill-conditioned. To apply
modern control schemes or for purposes of process monitor-

ing, model-based measurement schemes (also known as esti-
mators or observers) have to be used to reconstruct the size
distribution dynamically from the chord length distribution in
a stable, that is, well-conditioned, way.1

One common and quite successful approach of modeling
particulate processes on a macroscopic scale is the popula-
tion balance framework (see for instance Hulburt and Katz2

and Ramkrishna3). Here, a balance equation for the temporal
evolution of the NDF n(t, x, n) under consideration of all
particle processes (e.g., growth, aggregation, and breakage)
is derived:

@n

@t
þ
X3
k¼1

@ðGx;knÞ
@xk

þ
XK
k¼1

@ðGn;knÞ
@nk

¼ _nin � _nout þ p (1)

Here, n denotes the vector of internal coordinates (particle
properties) and x the vector of external coordinates (spatial
position), Gn and Gx are the transport velocities along these
coordinates, _nin and _nout quantify in and outgoing particle
fluxes, and p is the net rate of production of particles in the
system, including particle–particle processes (e.g., aggrega-
tion and breakage) and particle creation and depletion due to
interactions with a continuous phase (e.g., precipitation and
dissolution in crystallization).

The solution of this (in general) multivariable partial
integro- differential equation then allows the prediction,
monitoring, and control of particulate processes.

Most modern control methods, for example, model-predic-
tive schemes,4 input-state and input-output linearization,5

require a finite dimensional state space model of the process
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to be controlled for controller design and implementation.
For this the population balance equation (which is of infinite
dimension from a system-theoretic point of view) has to be
discretized. The discretization is often performed with
respect to the internal coordinates; however, a discretization
with respect to time is also possible, for example, by using
Rothe’s methods (cf. Martensen).6

Current methods applied in control and simulation of this
kind of processes are finite volume methods and finite ele-
ment schemes. A recent overview on these two classes of
methods is given in Mesbah et al.7 In finite volume methods
often only a first-order upwind scheme is used for the discre-
tization of growth terms. In Mesbah et al.,7 it is shown that
to preserve a certain accurracy and stability in the solution, a
fine grid, that is, a fine discretization, has to be used. This
leads to state space models of a very high dimension, which
limits the use of these models in control applications due to
the complexity of designing the appropriate controllers and
realtime constraints. Realtime constraints are a severe limit
for the use of optimization-based control algorithms [like
nonlinear model-predictive control (NMPC)], as the size of
the optimization problem scales with the size of the model
(cf. Bock and Plitt).8

In this work, we will focus on the use of pseudospec-
tral methods, also known as spectral collocation methods,
in the field of control and estimation, that is the main
goal of our investigations is to evaluate whether spectral
methods yield state space models (systems of ordinary
differential equations) of a lower dimensions than those
resulting by application of the methods mentioned in
Mesbah et al.7 We will present results for particulate
processes including growth, nucleation, aggregation, and
breakage. In the current literature, some results are given,
for example, in the work of Mantzaris et al.,9 for n-
dimensional population balance equations in a biological
framework. However, the important processes aggregation
and breakage are not covered in general in their work.
Another, quite recent, contribution by Dorao and Jakob-
sen10 presents an adaptive spectral element method for
population balances. However, adaptive grids often com-
plicate the controller or observer design due to the need
of remapping the model results to the process measure-
ments (and vice versa).

We will show that in practical application scenarios—to
which we limit our investigations—for a given accuracy con-
siderably less grid nodes are needed in growth dominated
processes for pseudospectral methods than in the standard
methods currently used in control and estimation. Addition-
ally, the methods can be implemented for two-dimensional
(2-D) problems easily, enabling the use in multivariate sys-
tems. In the application to aggregation and breakage proc-
esses, certain limitations show up that are discussed, and
strategies to overcome them are presented, for example, the
introduction of a hybrid method to handle problems that
include aggregation, breakage, and growth phenomena
simultaneously.

Results will be shown and discussed for analytical exam-
ples and real process models taken from the fields of granu-
lation and crystallisation.

Process Description

Granulation and crystallization processes can be described
on a mascroscopic level by the general population balance

Eq. 1. More specific, considering only internal coordinates
(particle properties)

@n

@t
þ
XK
k¼1

@ðGn;knÞ
@nk

¼ _nin � _nout þ Bnuc þ Bagg

þ Bbreak � Dagg � Dbreak ð2Þ
where Bnuc, Bagg, and Bbreak describe the formation (birth) of
particles with the properties (n1,n2,…,nK) due to nucleation,
aggregation, and breakage, respectively. Similarly, Dagg and
Dbreak denote the depletion (death) of particles with these
properties due to aggregation and breakage.

Considering binary aggregation only, the birth and death
rates can be stated as

Bagg ¼ 1

2

Zv

0

bðu; v� uÞ nðt; uÞ nðt; v� uÞ du (3)

Dagg ¼
Z1

0

bðu; vÞ nðt; uÞ nðt; vÞ du (4)

with v representing the particle volume and b being the
aggregation kernel.

Similarly, the breakage of particles can be described by

Bbreak ¼
Z1

v

bðu; vÞSðuÞ nðt; uÞ du (5)

Dbreak ¼ SðvÞnðt; vÞ (6)

Here, S is a selection function, that determines the rate of
breakage and b is a function that describes how the frag-
ments, are distributed over the properties.

For the growth of particles no general expression can be
given—it may depend on the size distribution, for example,
in layering granulation (cf. Mörl et al.)11

G ¼ 2
_Msus

. pl2
; l2 ¼

Z1

0

n2nðt; nÞ dn (7)

with n the particle diameter, _Msus the mass flow of solid
sprayed on the particles and pl2 the total surface area of all
particles—or only depend on quantities of the surrounding
continuous phase, as for instance in crystallization (see, for
instance, Ma et al.)12

G ¼ k
c� cs
cs

� �g

(8)

The parameters k and g are process-specific quantities.
The growth velocity then depends on the difference in con-
centration of the solute in the continuous phase to the satura-
tion concentration cs. A concentration c [ cs leads to parti-
cle formation, whereas c \ cs may lead to dissolution of
crystals.

Nucleation is often modeled as an input flux to the sys-
tem, either as part of the inlet particle flux _nin or via the
boundary conditions.

In most applications, one-dimensional (1-D) balances
(dim(n) ¼ 1) are sufficient to describe the process. But even
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here the tradeoff between accurracy and realtime constraints
in computation has to be made. Applications of multidimen-
sional population balances are also known, for example, in
crystallization (2-D, Briesen13) and fluidised bed drying
[three-dimensional (3-D), Peglow et al.].14 Here, almost
always some kind of model-reduction is performed, for
example, derivation of moment models or marginal distribu-
tions, to reduce the computational load that arises from the
use of the aforementioned standard methods in simulation,
estimation, and control.

In the next section, we will give an overview on pseudo-
spectral methods and discuss how and why these can be
applied to population balance equations.

Overview on Spectral Methods

Spectral methods are closely linked to the theory of eigen-
functions of differential operators and are known in analysis
since Euler and Fourier. They were first considered in nu-
merical analysis in the 1970s and found wide-spread applica-
tion in the solution of the basic equations of fluid dynamics,
for example in weather forecasting, seismic exploration, or
multidimensional inviscid flow.15,16

Although these methods showed superior performance in
many applications, they fell out of favor in the following
years because of several problems: they were less intuitive
than the finite difference, finite volume, and finite element
schemes available at this time and required more effort in
programming. Additionally, the handling of complex compu-
tational geometries and process nonlinearities was difficult.

But since the early 1990s new interest in these methods is
shown, as evidenced by the works of Fornberg,15 Tre-
fethen,17 Mantzaris et al.,9 and Dorao and Jakobsen,10 among
others. In the following we will briefly sketch the main ideas
behind pseudospectral methods. For an in-depth treatment,
see for instance Gottlieb and Orszag18 or Canuto et al.19

A basic assumption in spectral methods is that the approx-
imation can be expanded as a series:

nðt; nÞ �
XN
i¼0

aiðtÞwiðnÞ (9)

Here ai(t) are the so called spectral weights of the spectral
modes wi(n). The functions wi are chosen once for each
problem and are defined on the whole region under consider-
ation—possibly after appropriate rescaling of the problem.
This is the main difference to finite element and finite vol-
ume methods where local approximations on some subre-
gions are used, for example, lower-order polynomials.

The function set should be complete with mutually orthogo-
nal elements: common choices are the Fourier polynomials,
for problems on periodic domains or algebraic polynomials,
such as Chebyshev polynomials, for problems on non-periodic
domains. If eigenfunctions for a given problem are known
then these can also be used to create a spectral method.

The approximation error made in the transition from the in-
finite dimensional problem to the finite dimensional problem
is strongly influenced by the choice of the set of spectral
modes and the number of modes N used in the approximation.

For the use in practical application, for example, process
monitoring by model-based measurement systems or for con-
troller design and implementation, a suitable set has to be
determined once, for instance, by process simulations. This
empirical approach has to be taken as it is not possible to

calculate the spectral modes analytically for a general non-
linear particulate process.

To determine the time-dependent spectral weights ai(t) a
condition is imposed on the residual

Znmax

nmin

.ðnÞ @n

@t
þ @ðGnÞ

@n
� _nin þ _nout � p

� �
dn ¼ 0 (10)

Substituting n in this equation by Eq. 9 yields general
equations for the spectral weights ai(t) given the set of spec-
tral modes and the weight function .. To apply a numerical
method the domain of the problem has to be truncated; this
is noted here by nmin for the left and nmax for the right
boundary of the domain, respectively.

The choice of the weight function . determines the type
of spectral method. Choosing . ¼ d (n � ni) leads to spec-
tral collocation, that is, the spectral weights ai(t) are calcu-
lated such that the pseudospectral approximation satisfies the
population balance equation at the collocation points ni (i ¼
1,2,…,N).

The choice of collocation points is not arbitrary but
depends on the spectral modes wi. If algebraic polynomials
are chosen then the collocation points must be distributed
over the interval in a specific way to prevent numerical diffi-
culties, for example, Runge’s phenomenon, in the approxi-
mation of the solution.

The specific choice . ¼ d (n � ni) allows to calculate the
values of the NDF at the grid nodes, that is, n(ni), directly
without using Eq. 9. It is then possible to express differentia-
tion as a matrix-vector multiplication

@n

@n
� @n

@n
¼ Dnn (11)

nT ¼ ½nðn1Þ; …; nðnNÞ� (12)

The information on the wk is incorporated in the entries of
the differentiation matrix Dn.

The advantage of spectral methods lies in the accurracy of
approximation of derivatives. It can be shown that the
approximation error decays faster than O(N�m) for every m
for sufficiently smooth functions (Trefethen).17 This means
that for a predefined accurracy considerably less number of
grid nodes is needed, thus reducing the overall number of
differential equations to be simulated. The entries of the ma-
trix Dn for one specific method, the Chebyshev spectral col-
location method, can be found in the appendix.

Following a similar line of thought, spectral quadrature
methods can be derived, for instance, Clenshaw–Curtis quad-
rature20 that is an optimal order quadrature formula on the
Chebyshev grid.17 The specific information is also incorpo-
rated in the weights of the formula, and the integrand is
evaluated at the Chebyshev nodes. The quadrature can then
be written as the scalar product of the quadrature weights
and the integrand data

Zb

a

f ðnÞ dn � wT f (13)

Further details in the derivation of the differentiation mat-
rices (as a limiting case of finite difference methods) and the
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integration weigths can be found in the aforementioned book
by Trefethen.17

In contrast to finite element and finite volume methods the
matrix Dn is not banded but dense—this is a result of the
global approximation approach. In the limit, spectral methods
create infinite order approximations—the corresponding dif-
ferentiation matrices then have infinite bandwith. The dense-
ness of the matrix does not allow the use of highly optimized
banded linear solvers, but this is not a serious issue because
the dense matrices are of much smaller dimension and the
use of dense matrix solvers is not too time consuming.

Inserting these approximations (Eqs. 11 and 13) into the
population balance equation 2 then leads to a set of ordinary
differential equations for the spectral weights (respectively,
the values of the distribution at the collocation points) that
can be solved by standard algorithms for differential equa-
tions.

Although the aforementioned problems in spectral meth-
ods still exist they play only a limited role in particulate
processes, because (a) the property space has a simple geom-
etry (line, rectangle, etc.); (b) in application, often suffi-
ciently smooth density profiles are available (often in the
shape of Gaussians) that prevent spurious oscillations in the
solution due to Gibb’s phenomenon; (c) highly optimized
standard linear algebra methods can be used (e.g., in the
framework provided by Trefethen17); (d) extension to multi-
dimensional problems is easy. Additionally, it is expected
that the global approximation approach and the high accu-
racy of spectral integration schemes suit the global particle
phenomena aggregation and breakage.

However, as will be shown in the next section for aggre-
gation and breakage processes these expectations are not
met. Additionally, further improvement can be made for
processes that include growth and aggregation or breakage.
Here, a hybrid method—consisting of a spectral method for
the growth term and the cell average method (Kumar
et al.21) for aggregation and breakage—that combines the
features of both methods will be presented briefly.

Results

In this section, we present results to illustrate the capabil-
ities and drawbacks of spectral methods in simulation of par-
ticulate processes. At first, several nontrivial 1-D population
balances, for which analytical solutions are known, are
investigated. Following is a real world problem from the
area of fluidized bed layering granulation. To show the
applicability of the method to multidimensional problems,
we will present results for 2-D population balances as well.
Here, apart from an analytical example the performance of
the methods is investigated for a well-known batch crystalli-
zation process.

To judge the results quantitatively, we consider the devel-
opment of certain moments of the distribution. The ith
moment of a 1-D distribution f : R�0 � ½nmin; nmax� !R�0

is defined by

liðtÞ ¼
Znmax

nmin

xi f ðt; xÞ dx (14)

Similarly, in the 2-D case f : R�0 � ½n1;min;[n1;max��
½n2;min; n2;max� ! R�0 the (i, j)th moment is defined by

lijðtÞ ¼
Zn1;max

n1;min

Zn2;max

n2;min

xiyj f ðt; x; yÞ dydx (15)

To assess the errors in computation more abstractly, we
introduce the (L1) error measure

EðtÞ ¼ knanalytic�nnumerick1¼
XN
k¼1

jnanalyticðt; nkÞ�nnumericðt; nkÞj

(16)

the sum of the absolute pointwise errors evaluated at the grid
nodes nk (k ¼ 1,…,N).

In all cases, the aforementioned Chebyshev pseudospectral
method is applied, as the computational domain is nonperi-
odic. Comparisons are made with standard finite volume
method (FVM) schemes (with and without flux limiters, e.g.,
Koren22) for growth processes and the cell average method
for aggregation and breakage. In the latter cases, the applica-
tion of the fixed pivot method by Kumar and Ramkrishna23

is also possible and will yield results similar to the cell aver-
age method.

As the domain of the Chebyshev polynomials is the inter-
val [�1,1], the problems have to be rescaled from the physi-
cal domain [nmin, nmax] to this interval. This can be achieved
using the following linear transformation:

n ¼ UðzÞ ¼ 1

2
nmax � nminð Þzþ 1

2
nmax þ nminð Þ; z 2 ½�1; 1�

(17)

It has to be noted that this transformation also affects the
differentiation and integration operators. Here, the chain and
the substitution rule have to be applied once to account for
the changes introduced by the scaling.

The resulting model equations are implemented in the
MATLAB environment and are integrated with respect to
time by the solver ode45, an adaptive Runge–Kutta method
(cf. Shampine and Reichelt).24 For the implementation of the
pseudospectral methods, a modified version of the frame-
work provided by Trefethen17 is used. Analytical solutions
used for comparison are calculated by the method of charac-
teristics (MOC, Evans25), if not referenced otherwise.

The number of grid nodes for the different methods are cho-
sen such that the moments of the distribution that are conserved
by the process, are also conserved by the approximation. Spe-
cifically, for a pure growth process this is the conservation of
total number (zeroth moment of the number density distribu-
tion); for aggregation and breakage, the total volume is con-
served (proportional to the first moment if the internal coordi-
nate is the particle volume, and proportional to the third
moment if the internal coordinate is the particle diameter). The
consistency of higher order moments is also of importance and
is used (if appropriate) for comparison of the different methods.

All simulations are perfomed on a standard personal com-
puter (dual core processor with 2.4 GHz and 2 GB RAM).
To test whether the potential reduction in state dimension is
counterbalanced by an increase in computational time we
also present the total wall clock times for the methods.

One-dimensional population balances

Subsequently, the results for several examples of 1-D (one
property coordinate) population balances are presented: the
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analysis starts with a pure growth problem (with size-de-
pendent growth law) and is continued by examples consider-
ing breakage and aggregation. As an example from industrial
application we present fluidized bed layering granulation.

Example 1. The population balance equation for a simple
size-dependent growth problem is given by

@n

@t
þ r

@ðnnÞ
@n

¼ 0 (18)

For arbitrary initial condition n(0,n) ¼ u(n) and r [ 0,
the solution is

nðt; nÞ ¼ u expð�rtÞnð Þ expð�rtÞ (19)

The resulting distribution starting from a Gaussian initial
condition is depicted in Figure 1. Using 64 spectral grid
nodes, an error at the end of the simulation time interval
E(tend) of 5 � 10�4 is achieved. The wall clock time needed
for a simulation interval of tend ¼ 2 s is 0.05 s. The first four
moments li (i ¼ 0,1,2, and 3) of the distribution are consist-
ent with the analytical solution. A finite volume scheme using
a flux limiter22 and the same number of grid nodes needs a
wall clock time of 0.5 s with an error E(tend) ¼ 0.21. Increas-
ing the number of grid nodes up to 640 reduces this error to
0.06, but the wall clock time increases to 90 s.

Note that nucleation is not a problem for a spectral method
as the boundary of the interval representing the nuclei is
always a node in spectral discretisation. However, care has to
be taken to generate consistent initial and boundary condition,
that is, jumps at n ¼nmin have to be avoided, otherwise spuri-
ous oscillations will occur in the solution (Gibbs phenom-
enon). This is possible in many practical applications as
nuclei formation also possesses a transient behavior.

Example 2. To test the pseudospectral method we consider
aggregation with a constant aggregation kernel b ¼ b0. For
the special initial profile n(0,n) ¼ exp(�n) the analytical so-
lution for the density is given by Hu et al.26

nðt; mÞ ¼ 4

ðl0ð0Þb0tþ 2Þ2 exp � 2m
l0ð0Þb0tþ 2

� �
(20)

For the simulation of this process, the birth and death
rates of particles are implemented by a spectral Chebyshev

quadrature method (Curtis–Clenshaw quadrature).20 Here, we
observe, as in many other numerical methods, that the error
in approximation is dominated by the error in evaluation of
the birth rate of particles. The reason is the need to evaluate
the number density distribution at the volume v � u: if it is
not an element of the discretized property coordinate, then
the value of n is not known and has to be approximated.

The often used approach to approximate the unknown value
by the value at the nearest available grid node introduces sig-
nificant errors in the conservation of total volume, as is seen
by the following simple example: consider a Chebyshev grid
on [0.001,0.01] with N ¼ 3. Then the grid nodes are placed at
0.001, 0.0055, and 0.01. Let u ¼ 0.001 and v ¼ 0.01, then an
approximation of v � u is either 0.0055 (leading to an underes-
timation of total volume) or 0.01 (leading to an overestima-
tion). This error becomes especially large on coarse nonlinear
grids, for instance the Chebyshev grid. Here, the discretization
of the interior of an interval is very coarse, leading to large
deviations in the distribution and the moments.

Note that this is not the failure of spectral quadrature per
se but is caused by the poor approximation of the integrand
in its discretized form. Also note that the error may be fur-
ther increased if a volume-dependent aggregation kernel is
used because in b ¼ b0b*(u,v � u) the critical term v � u
also appears. If, however, b*(u,v � u), is known analytically,
then this term can be evaluated exactly.

To summarize, spectral quadrature has no built-in means
to guarantee the moment conservation, as do have, for exam-
ple, the fixed pivot and cell average method, when evaluat-
ing the birth and death rates for aggregation of particles. To
reduce the errors, the integrand has to be evaluated in a bet-
ter way.

One approach is to increase the number of spectral collo-
cation nodes. However, due to the special distribution of the
nodes—they cluster at the boundaries of the domain—only a
very slow rate of convergence is observed. Additionally, the
increase in the number of spectral nodes, and thus the num-
ber of differential equations, is contradictory to the aim of
this investigation, especially due to the clustering effect a
very large number might be required.

A second approach locally refines the grid for the evaluta-
tion of the rates: on each subinterval [0,v], the distribution
n(t,v*) (v* [ [0,v]) is interpolated using the knowledge on
the distribution at the grid nodes in [0,v]. The evaluation of
the integrand on this local grid then gives a better approxi-
mation of the integrals.

Figure 1. Density distribution n for example process 1.

On the left hand side of the figure the initial condition is

depicted, on the right hand side the distribution at the

end of the simulation is plotted.

Figure 2. Results for a Chebyshev spectral method for
pure aggregation using the interpolation
approach (spectral nodes).
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As shown in Figure 2, promising results can be achieved.
Here, the total volume is conserved, and the total number of
particles is consistent with the analytical solution. A runtime
analysis shows that up to 95% of the computation time is
spent on the interpolation task. Additionally, the error analy-
sis of this approach is difficult, as the errors of the spectral
approach and the interpolation have to be taken into account.

An application of the cell average method on a Chebyshev
grid shows that the total volume is conserved and the total
number is consistent, but slight deviations in the profile in
the interior of the domain, where the grid is coarsest, can be
observed (Figure 3).

To summarize the results of this discussion, it can be said
that the simple approach of using a spectral quadrature method
to evaluate the birth and death rates is not effective due to
problems to evaluate the integrands precisely in their discre-
tised forms. The results can be improved by increasing (glob-
ally) the number of spectral nodes; however, the accurracy
increases only slowly because of the special distribution of the
nodes. A (local) refinement in connection with an interpolation
improves the result but with an increased effort. Also the error
analysis is difficult. Special methods, for example, cell average
or fixed pivot method, also work on spectral grids, are easily
implemented and yield consistent results in the moments.
Regarding the use of spectral methods, no general recommen-
dation can be given: spectral methods are a viable option, but
the success of the method depends on the problem.

Example 3. In this example we consider the following
population balance equation

@nðt; vÞ
@t

¼
Z1

v

bðu; vÞSðuÞ nðt; uÞ du� SðvÞnðt; vÞ (21)

where u,v denote particle volumes, with b(u,v) ¼ 2/(u � vmin)
and S(v) ¼ v � vmin. This equation possesses a breakage-like
structure, but is in fact equivalent to a breakage process with a
source term due to the occurence of vmin in the denominator of
the breakage function b. The reason for this particular choice is
that it allows the analytical solution of the population balance
equation for a broad class of initial conditions on arbitrary
intervals [vmin,1): given an initial condition of the form

nð0; vÞ ¼ C1 exp �C2ðv� vminÞð Þ (22)

with constants C1 and C2, the analytical solution can be
derived

nðt; vÞ ¼ C1

C2
2

� �
ðtþ C2Þ2 exp �ðtþ C2Þðv� vminÞð Þ (23)

This solution is derived in an Appendix; in summary, the
partial integro-differential equation is first transformed into
an equivalent partial differential equation that is then solva-
ble by standard methods.

Note, that for vmin ¼ 0, a population balance equation
describing pure breakage is obtained. Qualitatively, the solu-
tion is an exponential function that becomes steeper and
steeper over time (for C2 [ 0); in the limit a d-function at
v ¼ vmin is obtained.

A straightforward approach in simulating this process by a
Chebyshev spectral integration method yields the following
results: the moments l0 (total number) and l1 (total volume)
are predicted consistently for a high number of grid nodes,
only. Considering the profile, that is, the number density distri-
bution, one observes deviations from the analytical solution in
the interior of the computational domain. This is due to at least
two different effects: the grid in the interior is very coarse (see
for instance Figure A1 in Appendix), and the fact that to evalu-
ate the integrals the domain is truncated to a maximum volume
[vmin,vmax]. If, for instance, the initial condition is not chosen
such that the integrands are sufficiently close to zero as v
approaches vmax, then a nonnegligible truncation error is made
that affects all subsequent computations. To prevent this, vmax

has to be chosen sufficiently large, but then also an increase in
the number of grid nodes might be required.

These two effects are presented in Figures 4 and 5: in Fig-
ure 4, the deviations due to the coarse grid in the interior of
the computational domain are clearly visible, leading to an
overestimation in the total number and the total volume of
particles. To decrease this mismatch in moments, the number
of nodes is increased. In Figure 5, 2048 grid nodes are used,
but still deviations can be observed.

Example 4. In order to counter these effects the number of
grid nodes can be further increased or the described interpo-
lation strategy can be applied: in this example, we consider
breakage only. The expressions for the breakage function
and the selection function are b(u,v) ¼ 2/u and S(v) ¼ v2.
For the initial condition n(0,v) ¼ exp(�v), an analytical solu-
tion can be calculated26

nðt; mÞ ¼ 1þ 2tð1þ mÞ½ � expð�ð1þ tmÞmÞ (24)

Figure 3. Results of the cell average method for pure
aggregation on Chebyshev spectral nodes.

Figure 4. Number density distribution n for Example 3
using 32 grid nodes.

The deviations in the interior of the domain lead to an over-

prediction of total number and total volume of particles.
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In Figure 6, it can be seen that the results of the spectral
integration using the interpolation approach agree well with
the analytical solution. Using 32 spectral nodes a final error
E(tend) ¼ 9 � 10�3 is achieved. Again, most of the time
needed for the simulation is spent for the interpolation task,
but from the point of controller design or model-based mea-
surement only a small finite dimensional system has to be
handled.

Results from Examples 2–4 show that spectral methods
are in principle capable of solving the population balances
for aggregation and breakage. However, due to the necessary
scaling and interpolation of the integrand to evaluate the
integrals, the complexity of this approach is high. Addition-
ally, the implementation of the (nonlinear) integral terms is
nontrivial. Based on this observation we cannot give a clear
statement on the use of spectral methods for aggregation- or
breakage-dominated processes. Although in some applica-
tions, a model reduction can be achieved, the general estima-
tion of the error is difficult, and the use of widely under-
stood methods, such as cell average or fixed pivot method,
seems more appropriate.

In the simultaneous handling of growth and aggregation
(respectively, breakage) processes another difficulty arises:
for aggregation problems nonlinear grids, often of the type

ni ¼ 2i�1nmin, are preferred as they cover a large interval
with few grid nodes. For the calculation of growth terms, the
local change at some point is needed, and this is often
approximated by a finite difference of the values at neigh-
boring grid nodes. With the above discretisation these gra-
dients become more and more erroneous as the distance to
the neighbors gets larger and larger.

To remedy this situation, we now briefly present results
for a hybrid algorithm consisting of a spectral method for
growth terms and the cell average method for aggregation
and breakage terms: the total change in number density due
to growth, aggregation, and breakage is decomposed as

dn

dt
¼ dn

dt

����
Growth

þ dn

dt

����
Aggregation

þ dn

dt

����
Breakage

(25)

The change due to growth is evaluated using a spectral
method, the change due to aggregation and breakage is cal-
culated by the cell average method.21 As noted before, by
construction, the cell average technique is able to produce
consistent results for the moments, total number and total
volume, on arbitrary grids, that is, also on spectral grids.
Note that any other method that is able to conserve the
moments on arbitrary grids, for example, the fixed pivot
method, can be used. In that way, the effects can be handled
efficiently with a small number of grid nodes as shown by
the following example.

Example 5. We consider here another example taken from
Hu et al.26 to illustrate the results of the hybrid method:
Taking a growth law G ¼ rv and a constant aggregation
kernel b ¼ b0, an analytical solution for the initial condition
n(0,v) ¼ N0exp(�v/v0)/v0, can be derived

nðt; nÞ ¼ l0ðtÞ2
l1ðtÞ

exp � l0ðtÞ
l1ðtÞ

v

� �
(26)

Using 16 spectral grid nodes a final error E(tend) ¼ 1.7 �
10�3 is achieved. Wall clock time needed for tend ¼ 2 s is
twall ¼ 0.5 s. The distributions agree very well with the ana-
lytical solution as exemplified in Figure 7. The interesting
moments total number and total volume of particles are also
calculated consistently.

As the cell average method (or the fixed pivot method)
are able to produce consistent results for arbitrary

Figure 5. Results for the moments l0 and l1 using the
direct approach to evaluation of the integral
terms in the population balance equation of
Example 3 (2048 grid nodes).

Figure 6. Simulation results for Example 4. The analyti-
cal solution (obtained from Hu et al. [26])
and the numerical solution by a Chebyshev
spectral method using the interpolation
approach with 32 grid nodes are in very good
agreement.

Figure 7. Simulation results for the spectal method—
cell-average hybrid method for a population
balance equation with simultaneous growth
and aggregation.
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aggregation kernels, and the main effect of using the spectral
method is to decrease errors in the approximation of the
growth terms on nonlinear grids, similar results can be
expected for volume-dependent aggregation kernels.

Example – Fluidized Bed Layering Granulation. As a
real-world example, we present simulation and experimental
results for layering granulation in a fluidized bed. This is a
well-known and widely applied industrial process to create
free-flowing, dustless powders from liquid suspensions. For a
review on the topic, see for instance Mörl et al.11

We consider here the batch process depicted in Figure 8,
where a suspension is sprayed onto the particles in the fluid-
ized bed. Due to drying—the bed is fluidized by hot air—the
liquid in the suspension evaporates, and the remaining solid
builds up a new layer on the particles. Considering the parti-
cle diameter n as the interesting particle property (assuming
that the particles are spherical), a growth in particle size can
be observed. Manipulating carefully the drying conditions
pure growth of the particles, that is, no aggregation or break-
age of particles, can be realised (see Ennis et al.).27

In the following, we assume a surface-proportional growth
law after Mörl et al.11 that has been widely applied and
experimentally verified for this type of process

G ¼ 2
_Msus

ð1� eshellÞ.sus pl2
; l2 ¼

Z1

0

n2nðt; nÞ dn (27)

Here, l2 is proportional to the total surface area of the
particles in the fluidized bed, eshell denotes the porosity of
the formed layer.

For the modeling of the particulate phase, the process
chamber is virtually divided into two compartments: a spray-
ing zone where suspension is applied onto the particles and
a drying zone where only drying of the wetted particles
occurs (Ivanova et al.).28 The reason for this division is the
observation that not all particles are at each moment inside
the spraying cone created by the nozzle and so not all par-
ticles receive solid material for further growth.

Because of the fluidization, a mixing of the particles
occurs, that is, a transport from one compartment into the
other. The exchange rates are given by the characteristic res-
idence times of the compartments and can be related to the
relative sizes of the different zones (Figure 9).

Let n denote the number density distribution of the entire
process and n1 and n2 the number density distributions in the
spraying and the drying zone, respectively, with n(t,n) ¼
n1(t,n) þ n2(t,n). Then the following system of population bal-
ance equations for the different compartments can be derived

@n1
@t

þ G
@n1
@n

¼ � 1

s1
n1 þ 1

s2
n2 (28)

@n2
@t

¼ 1

s1
n1 � 1

s2
n2 (29)

The parameters s1 and s2, the characteristic residence
times in the spraying and drying zone, obey the following
relation to fulfill mass conservation

s2
s1

¼ 1� a
a

(30)

where the parameter a represents size of the spraying zone
relative to the total size, that is, the size of the spraying zone
and the drying zone.

As an real-world example we consider layering granula-
tion of sodium benzoate on c-alumina carrier particles. The
parameters used in the simulation and experiment can be
found in Table 1, where the estimate of the shell porosity is
obtained by microtomography analysis of the final particles
in the experiment.

The results obtained from simulation with 64 spectral
nodes (twall ¼ 2.6 s) and 100 equidistant nodes in a finite
volume scheme with flux limiter (twall ¼ 16.1 s) are com-
pared to measurement results taken from the process (tend ¼
5290 s). As can be seen in Figure 10, the numerical results
of both methods match each other closely and are in good
agreement with the measurement. Deviations in the variance
of the distributions are due to uncertainties in the model, the
parameters s1 and s2, and the approximation of the initial
condition. Note that the spectral method needs approximately
one order of magnitude less computation time and only
approximately two-thirds of the number of grid nodes of the
finite volume scheme, which makes the use of spectral meth-
ods in these processes interesting for control and estimation
purposes.

Two-dimensional population balances

Example 6. In this example, we consider simple growth in
two property coordinates to show the potential of a spectral

Figure 8. Simple schematic of batch fluidized bed
layering granulation process.

Figure 9. Schematic depiction of the different compart-
ments in the fluidized bed process chamber.

Table 1. Process Parameters used in Simulation and
Experiment

Initial bed mass mbed (kg) 4.0
Mass flow rate suspension (solid) _Msus(kg h�1) 6.0
Solid density suspension .sus (kg m�3) 1440.0
Solid density carrier .core (kg m�3) 1280.0
Porosity of created layer eshell (–) 0.74
Relative size of spraying zone a (%) 2.0
Mean residence time spraying zone s1 (s) 4.0
Process duration [0,tend]: tend (s) 5290.0
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method for this type of problem. We assume the growth
rates G1 and G2 to be size-dependent: Gi ¼ kicos(ni) . An
analytical solution can also be calculated using an extended
method of characteristics. For an arbitrary initial condition
n(0,n1,n2) ¼ u (n1,n2), the solution to

@n

@t
þ G1

@n

@n1
þ G2

@n

@n2
¼ 0 (31)

is given by

nðt; n1; n2Þ ¼ uðs1; s2Þ (32)

si ¼ 2 arctan expð�kitÞ tan ni
2
þ p

4

� �� �
� p

2
; i ¼ 1; 2 (33)

For a Gaussian initial condition, the results for two points
in time are shown in Figure 11. Here, a discretisation with
32 nodes in each direction is used. In the final distribution a
maximum pointwise error of E(tend) ¼ 0.02 is obtained with
twall ¼ 0.7 seconds (tend ¼ 5 s). A finite volume method
with flux limiter on a 32 � 32 (equidistant) grid yields
E(tend) ¼ 9.42 and twall ¼ 2.6 s. The error can be decreased
by increasing the number of grid nodes but not without
increasing the wall clock time, also: on a 100 � 100 grid,
the error is decreased to E(tend) ¼ 5.4 with twall ¼ 28 s.

Example – Crystallization of KH2PO4. As an indicator for
the applicability of 2-D spectral methods to real-world prob-

lems, we consider the batch crystallisation of potassium
dihydrogen phosphate (KH2PO4). Here, certain crystal con-
figurations are preferred over others, so two size coordinates
are needed to describe the produced crystals (Figure 12).
This process has been investigated by several groups and
mathematical models describing the growth of the crystal
size distribution density are available. In the following we
use the model equations and parameters from Ma et al.12

and Briesen.13

Using a 64 � 64 nodes Chebyshev grid, a wall clock time
of twall ¼ 3.4 s is needed for tend ¼ 5000 s. The grid size is
chosen such that the shape of the initial distribution is pre-
served as well as the zeroth total moment l00. The results
for the calculated distributions are shown in Figure 13. Com-
parative calculations with a finite volume method with a
much finer discretisation (512 � 256 nodes) still suffer from
numerical diffusion, that is, the shape of the distribution is
not preserved. Also, the time necessary for the simulation is
approximately one order of magnitude larger: twall ¼ 44.1 s.

Summary and Outlook

In this work, we investigated the use of (pseudo) spectral
methods for numerical simulation of particulate systems in
view of application in model-based control and estimation
schemes. Here, the greatest interest lies in a small model
order with a sufficient accurracy in the calculated number
density distribution, as the model order greatly complicates
the design and implementation of feedback control systems
for the property distribution.

By considering prototypical examples of particulate proc-
esses—growth, aggregation, and breakage—we were able to
show that in case of pure growth processes, a significant
reduction in model order—compared to other standard meth-
ods (e.g., finite volume methods)—can be achieved under
conditions often encountered in practical processes. This was
also tested for growth-dominated processes with two prop-
erty coordinates with similar results. Spectral methods can
also be used for the simulation of aggregation and breakage
problems; however, here special actions have to be taken to
guarantee the consistency of moments. This yields also good
results in the approximation of the number density, but the
complexity of the method is increased and an error analysis
is difficult. For pure aggregation or breakage problems the

Figure 10. Results from a fluidized bed layering granu-
lation calculated by spectral and finite vol-
ume methods compared with experimental
results (q0(t,n) 5 n(t,n)2l0(t)).

Figure 11. Calculated distributions for Example 6 for
two different times on a 32 3 32 grid.

Figure 12. Example of a crystal produced by the crys-
tallisation of KH2PO4.

To allow for all configurations between needle-like (n1
� n2) and pad-like crystals (n1 � n2), two size coordi-

nates are required.
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advantage of spectral methods over specifically tailored meth-
ods like cell average or fixed pivot is limited. However, for
the important case of simultaneous processes incorporating
growth and aggregation, the use of a spectral method for the
approximation of the growth term (which has a large influence
on the total error on nonlinear grids) can be advantageous as
was shown by an example. To verify this encouraging result, a
thorough error analysis has to be made. Also, in a further step,
this approach will be considered for multivariate processes
involving growth and aggregation or breakage.
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Appendix

Chebyshev spectral collocation

For a spectral method using the Chebyshev polynomials as
spectral modes wk, the N þ 1 grid nodes have to be chosen
such that nk ¼ cos(kp/N), (k ¼ 0,…,N). Note that the nk range

Figure 13. Crystal size distribution for KH2PO4 precipi-
tation in water.

Plotted are the distributions for two different points in

time.

Notation

Spectral weights, modes a, w, w
Number density distribution n
Moment of distribution l
External (spatial) coordinate x
Internal (property) coordinate n
Particle volume v
Particle growth rate G
Particle fluxes _nin, _nout
Birth rate of particles Bagg, Bbreak

Death rate of particles Dagg, Dbreak

Selection function S
Breakage function b
Aggregation kernel b
Mass flow rate of suspension _Msus

Porosity e
Solute concentration c
Solid density .core, .sus
Residence time s
Time t
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in the interval [�1,1], so that the problem has to be rescaled.
The distribution of nodes along the axis is not uniform as can
be seen in Figure A1. In fact, the nodes are uniformly placed
on the unit circle and then projected onto the axis yielding a
very fine disretisation at the boundaries of the interval.
The entries of the differentiation matrix D are then given

by (cf. Trefethen17)

D00 ¼ 2N2 þ 1

6
DNN ¼ � 2N2 þ 1

2
(34)

Djj ¼ � nj
2ð1� n2j Þ

j ¼ 1;…;N (35)

Dij ¼ ci
cj

ð�1Þiþj

ni � nj
i 6¼ j; i; j ¼ 0;…;N (36)

where

ck ¼ 2; k ¼ 0; k ¼ N
1; otherwise

�
(37)

Analytic solution of Example 3

We consider a process described by the following popula-
tion balance equation

@nðt; vÞ
@t

¼
Z1

v

bðu; vÞSðuÞ nðt; uÞ du� SðvÞnðt; vÞ (38)

where u,v denote particle volumes, with b(u,v) ¼ 2/(u �
vmin) and S(v) ¼ v � vmin . As was mentioned already in the
main text, this balance equation has the structure of a break-
age process but due to the modifications in the selection
function and breakage rate, this is, the occurrence of vmin,
this is a breakage process with an additional source.
We focus on the solution of the population balance equa-

tion on the interval [vmin,1) for arbitrary initial conditions
of the form:

nð0; vÞ ¼ C1 exp �C2ðv� vminÞð Þ (39)

where C1 and C2 are non-zero constants.
Inserting the rate expressions into the equation yields

@nðt; vÞ
@t

¼
Z1

v

2 nðt; uÞ du� ðv� vminÞnðt; vÞ (40)

A direct solution of this partial integro-differential equa-
tion is difficult due to the lack of standard methods, so the
problem is transformed into an equivalent partial differential
equation (PDE). Differentiating (partially) the equation with
respect to v yields

@

@v

@nðt; vÞ
@t

� �
¼ @

@v

Z1

v

2 nðt; uÞ du�nðt; vÞ�ðv�vminÞ @nðt; vÞ
@v

(41)

An application of Leibniz’ rule to the parameter-varying inte-
gral (v being the parameter) then leads to the equivalent PDE

@

@v

@nðt; vÞ
@t

� �
¼ �2 nðt; vÞ � nðt; vÞ � ðv� vminÞ @nðt; vÞ

@v

¼ �ðv� vminÞ @nðt; vÞ
@v

� 3nðt; vÞ ð42Þ

Limiting the solution to the specified class of initial condi-
tions and observing the fact that exponential functions
remain exponential functions under the linear operators dif-
ferentiation and integration, the following ansatz for the so-
lution can be made:

nðt; vÞ ¼ AðtÞ exp �BðtÞðv� vminÞð Þ (43)

It immediately follows from the initial condition that A(0)
¼ C1 and B(0) ¼ C2 .
Inserting this expression into the PDE yields an ordinary

differential equation for the unknown functions A(t) and B(t)

� _BA� _ABþ _BABðv� vminÞ ¼ ABðv� vminÞ � 3A (44)

Reordering with respect to the powers of (v � vmin) yields
two differential equations for the functions

_BAB ¼ AB; Bð0Þ ¼ C2 (45)

_BAþ _AB ¼ 3A; Að0Þ ¼ C1 (46)

with the solutions

BðtÞ ¼ tþ C2 (47)

AðtÞ ¼ C1

C2
2

� �
ðtþ C2Þ2 (48)

that can be obtained by standard integration methods, pro-
vided that AB=0 .
The solution to the PDE can then be stated as

nðt; vÞ ¼ C1

C2
2

� �
ðtþ C2Þ2 exp �ðtþ C2Þðv� vminÞð Þ (49)

By substitution, it can be verified that this is also a solu-
tion to the population balance equation.
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Figure A1. Grid node distribution in the Chebyshev
spectral method.

Note that the nodes cluster at the boundaries of the

interval yielding a coarser discretisation in the interior

of the domain. The nodes are placed on the axis

by first distributing them uniformly on the unit (semi)

circle and then projecting them orthogonally onto

the axis.
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